We establish equivalence of several regular conditional probability properties and Radon space. In addition, we introduce the universally measurable disintegration concept and prove an existence result.
Introduction
Since its inception, the concept of regular conditional probability (RCP), devised by Kolmogorov (1933) , has been an important issue in probability theory. In 1948, in a celebrated paper, Dieudonné established the non existence of RCP for a suitable probability space. Since then, there has been a steadily increasing level of activity with RCP, which can be confirmed by the amount of papers in the specialized literature (see, e.g., Doob (1953) , Sazonov (1965) , Jirina (1954) , Faden (1985) , Leão, Fragoso and Ruffino (1999) and references therein). Besides the interest in its own right, the intervening years has shown an essential rôle played by this concept in a variety of applications (Bertsekas and Shreve (1978, chap. 10) and Getoor (1975) , inter alia). The results range from existence and equivalence results to characterization via adequate spaces, including its liaison with some others important concepts.
Equivalence between properties of some RCP concepts was established in Faden (1985) for the case of separable probability space. In the context of separable probability space, existence of RCP is guaranteed via the property of either perfectness or compactness, see e.g. Hoffmann-Jörgensen (1971) , Sazonov (1965) and Faden (1985) . More recently we proved a necessary and sufficient condition for existence of RCP via an adequate characterization of the measurable space, independently of the probability on this space, see Leão, Fragoso and Ruffino (1999) and Leão (1999) .
A related concept is the so called disintegration of a probability, introduced by von Neumann (1932) to study ergodic properties. This concept requires an additional difficulty of delimiting the support of the RCP. In a separable probability space existence conditions are analogous to that for RCP, described above (via, either perfectness or compactness). For further details see e.g. Hoffmann-Jörgensen (1971) , Chatterji (1973) , Valadier (1973) and Pachl (1978) .
In this paper, going further in the characterization of Radon spaces, we establish equivalence among several related properties of RCP concepts, including necessary and sufficient conditions for its existence. Traditionally, the concept of probability disintegration is defined via measurability with respect to the complete σ-algebra. Motivated by applications in stochastic control with incomplete observations, we introduce the concept of universally measurable disintegration and establish sufficient conditions for its existence based on a suitable universally measurable selection result. Again, working only with σ-algebra properties, in the spirit of Leão, Fragoso and Ruffino (1999), our results are independent of the probability chosen for the measurable space. We conclude the paper with a slight extension of a disintegration result in Graf and Märgel (1980) .
Set up and preliminary results
Let (Ω, F) be a measurable space. The atoms of F are the equivalence classes in Ω for the equivalence relation given by w ∼ w 0 if and only if
for all A ∈ F where 1 ! A is the indicator function. The measurable space (Ω, F) is called Hausdorff if the atoms are the points of Ω. If there exists a sequence of elements in F that generates F itself, we say the F is separable.
Given an abstract set Ω with a class of subsets C which contains the empty set and Ω itself, we say that C is a compact class if for every sequence {C n : n ≥ 1} in C with intersection ∩ n≥1 C n = ∅ there exists an integer n 0 such that ∩ n≤n 0 C n = ∅. For a probability space, we say that the triple (Ω, F, P ) is compact if there exists a compact class C ⊂ F such that
For instance, if (Ω, F, P ) is a probability space where Ω is a topological space, F the Borel σ-algebra and P a regular probability, then obviously (Ω, F, P ) is a compact probability space. In addition, a probability space (Ω, F, P ) is said to be perfect if for any measurable function f : Ω → R there exists a Borel set B such that B ⊂ f (Ω) and P [f −1 (B)] = 1. If the σ-algebra F is separable, it is well known that perfectness and compactness are equivalent, see e.g. Tortrat (1977, Proposition 3).
Given a measurable space (E, E), we denote by E λ the completion of E with respect to a probability λ on this space. The universal σ-algebra E * is defined by
where the intersection is taken over all probabilities λ on (E, E). Two measurable spaces are said to be isomorphic if there exists a bijection between them which is measurable and has a measurable inverse. Such a bijection is called a measurable isomorphism. Let Y be a compact metric space endowed with its Borel σ-algebra β(Y ). We say that (Ω, F) is a Radon space if there exists a measurable isomorphism φ : (Ω, F) → (U, β(U )), where U ∈ β(Y ) * and β(U ) = {A ∩ U : A ∈ β(Y )}, the trace of β(Y ) on U . Note that
The next theorem provides a characterization of Radon spaces which helps to understand this concept and to realise how rich the structure of this space is. It goes back to a result in our previous article and will be part of the proof of the main result of this paper, which, in fact, extends its scope.
Theorem 2.1 (Leão, Fragoso and Ruffino (1999)). A measurable space (Ω, F) is Radon if and only if it is separable, Hausdorff and for every probability P , the probability space (Ω, F, P ) is compact (or perfect).
Let (Ω, F, P ) be a probability space and (E, E) a measurable space. A transition probability (or kernel) from (E, E) to (Ω, F) is a function ν : E × F → [0, 1] which satisfies the following two conditions:
Consider T : Ω → E a measurable function. We say that ν : E × F → [0, 1] is a D-transition probability ("D" here stands for Doob), if it satisfies (a) and b 0 ) ν(·, A) is a function measurable with respect to the complete σ-algebra
where T * P is the image probability of T on (E, E). We say that ν : E ×F → [0, 1] is a U-transition probability ("U" here stands for Universally measurable), if it satisfies (a) and b 00 ) ν(·, A) is a function measurable with respect to the universally σ-algebra E , for all A ∈ F.
Next, we define the six concepts of regular conditional probability which we shall consider in this paper; in fact these are the most commonly used in the literature. Definition 2.1. Let (Ω, F, P ) be a probability space and (E, E) a measurable space, 1. RCP: Let T : Ω → E be a measurable function. A regular conditional probability with respect to T is a transition probability ν :
for all A ∈ F and B ∈ E;
2. Q-RCP: Let f : Ω → R be a measurable function. A quotient-RCP ent-RCP is an RCP on the real line ν :
3. P-RCP: Let (Ω × E, F × E, λ) be a product probability space. A product-RCP is a transition probability ν :
for all A ∈ F and B ∈ E, where λ E is the marginal of λ on E.
DQ-RCP:
for each A ∈ F and B ∈ β(R)
S-RCP:
Let E be a sub-σ-algebra of F, a subalgebra-RCP is an RCP ν from (Ω, E) to (Ω, F)
for each A ∈ F and B ∈ E Note that, since RCP concepts described above have emerged in different set ups, it is an interesting question in its own right to know how they are connected in a same space. For instance, the concept of RCP depends on the probability space (Ω, F, P ), the measurable space (E, E) and the measurable function T : Ω → E. On the other hand, the concept of P-RCP depends on the measurable space (E, E) and on the product probability λ, and the concept of S-RCP depends on the sub-σ-algebra E. In order to compare these distinct regular conditional probability concepts, we follow Leão, Fragoso e Ruffino (1999) analysing these concepts on the measurable space (Ω, F).
We begin, in the spirit of what is done in Faden (1985) , by introducing the properties which turns out to be all equivalent on a Radon space (Ω, F). Definition 2.2. Let (Ω, F) be a measurable space.
RCPP:
(Ω, F) has the RCP property P, if for any probability P on (Ω, F), any measurable space (E, E) and any measurable function T : Ω → E there exists a RCP;
2. Q-RCPP: (Ω, F) has the quotient-RCPP, if for any probability P on (Ω, F) and any measurable function f : Ω → R there exists a Q-RCP;
3. P-RCPP: (Ω, F) has the product-RCPP, if for any probability P on (Ω, F) and any product probability space (Ω × E, F × E, λ) for which P is the Ω-marginal, there exists a P-RCP;
DQ-RCPP:
(Ω, F) has the D-quotient-RCPP, if for any probability P on (Ω, F) and any measurable function f : Ω → R, there exists a DQ-RCP;
S-RCPP:
(Ω, F) has the subalgebra-RCPP, if for any sub-σ-algebra E ⊂ F and any probability P on (Ω, F), there exists a S-RCP ν(·, ·) such that the probability space (Ω, F, ν(ω, ·)) is compact for all ω ∈ Ω.
D-RCPP:
(Ω, F) has the D-RCPP bra-RCPP, if for any probability P on (Ω, F), any measurable space (E, E) and any measurable function T : Ω → E, there exists a D-RCP;
It is clear that (1) implies (2) and (2) implies (4). Furthermore, we can establish that (3) implies (1). In fact, let (Ω, F) be a measurable space that satisfies the P-RCPP. Consider P a probability on (Ω, F), (E, E) a measurable space and T : Ω → E a measurable function. Then, we obtain a probability λ on the product space (Ω × E; F × E) such that
for each A ∈ F and B ∈ E. Since (Ω, F) satisfies the P-RCPP, there exists a transition probability ν :
where
¤ , A ∈ F and B ∈ E. Next, we shall establish the equivalence between these properties on Radon spaces.
Main Results
In this section, we shall establish connection between the various RCP properties and Radon spaces, introduce the universally measurable disintegration concept and prove an existence result.
Theorem 3.1. For a separable Hausdorff measurable space (Ω, F) the following statements are equivalents:
1) (Ω, F) is a Radon space;
2) for every probability P on (Ω, F) , the probability space (Ω, F, P ) is compact;
3) for every probability P on (Ω, F), the probability space (Ω, F, P ) is perfect;
4) (Ω, F) satisfies the RCPP;
5) (Ω, F) satisfies the Q-RCPP;
6) (Ω, F) satisfies the P-RCPP; 7) (Ω, F) satisfies the DQ-RCPP;
8) (Ω, F) satisfies the S-RCPP;

9) (Ω, F) satisfies the D-RCPP;
Proof: From Theorem 2.1 we have that (1), (2) and (3) are equivalent. Equivalence of (1) and (4) is the content of Theorem 3.2 in Leão, Fragoso and Ruffino (1999). By Faden (1985, Theorem 6) we have that (3), (5), (6) , and (7) are equivalent.
To prove that (2) is equivalent to (8), let P be a (compact) probability on the Radon space (Ω, F) and E ⊂ F a sub-σ-algebra. Then, there exists a S-RCP ν from (Ω, E) to (Ω, F). Since ν(x, ·) is a probability and (Ω, F) satisfies (2), it implies that the probability space (Ω, F, ν(w, ·)) is compact for all ω.
On the other hand, suppose that for each probability P on (Ω, F) and each sub-σ-algebra E ⊂ F there exists an S-RCP ν such that the probability space (Ω, F, ν(w, ·)) is compact for all w ∈ Ω. In particular, if we take E = {∅, Ω}, we obtain that P (A) = ν(w, A) for every A ∈ F and w ∈ Ω. Hence P is compact.
Since (4) implies (9) and (9) implies (7), it concludes the proof. 2 Let (Ω, F) be a Radon space with T : (Ω, F) → (E, E) a measurable function, where (E, E) is a separable Hausdorff measurable space. If P is a probability on (Ω, F), then it follows from Theorem 3.1 that there exists a RCP ν from (E, E) to (Ω, F). The added difficulty in disintegration problem is that of delimiting the support of the probability ν(x, ·). The space Ω is partitioned into the fibers {T −1 ({x}) : x ∈ E}. Hence the natural question which appears is if the probability ν(x, ·) is concentrated on T −1 ({x}) for all x ∈ T (Ω). In sequence, we shall establish necessary and sufficient conditions for the existence of such RCP.
Theorem 3.2. Consider (Ω, F) and (E, E) Borel spaces and f : Ω → E a measurable function. Let P be a probability on (Ω, F), then, there is a RCP ν from (E, E) to (Ω, F) such that ν(x, f −1 ({x})) = 1 for each x ∈ f (Ω) if, and only if, we have
ii. There exists a function g : f (Ω) → Ω which is measurable with respect to the trace σ-algebra β(f (Ω)) and (g(x), x) ∈ G(f ) for all x ∈ f (Ω).
Proof: Assume that (i) and (ii) are valid, we shall prove that there is a RCP ν such that ν(x, f −1 ({x})) = 1 for each x ∈ f (Ω). It follows from Theorem 3.1 and Hoffmann-Jörgensen (1971, Theorem 2) there exists a RCP µ and N ∈ E with (T * P )(N ) = 0, such that
Using the function g, we can define for each
where δ is the Dirac probability. Thus, we conclude that ν is a RCP such that ν(x, f −1 ({x})) = 1 for each x ∈ f (Ω). The converse of the theorem is a composition of well known results from the literature. So, if ν(x, ·) is concentrated on f −1 ({x}) for each x ∈ f (Ω), we can define µ(w, B) = ν(f (w), B) ; w ∈ Ω and B ∈ F, which is a S-RCP such that µ(w, A) = 1 for each w ∈ A ∈ f −1 (E). Then, it follows from Blackwell and Dubins (1975 
Moreover, using Blackwell (1955, Theorem 4 (b)) there exists a measurable function h :
We obtain from equations (3.1) and (3.2) that
which is a Borel measurable subset of E.
Furthermore, it follows from Hoffmann-Jörgensen (1971, Theorem 3) that the graph of f satisfies
for all x ∈ f (Ω). Thus, we have that
Then, it follows from Blackwell and Ryll-Nardzewski (1963, Theorem 2) that there is a selection function g : f (Ω) → Ω measurable with the respect to the trace σ-algebra β(
In what follows, we shall introduce some elements necessary to define universally measurable disintegration. If (Ω, F) is a Radon space and E ⊂ F (Ω = E) is a sub-σ-algebra of subsets of Ω, such that E contains all points, then, it follows from Musial (1972, Corollaries 3 and 4), that there exists a S-RCP ν satisfying ν(x, A) = 1 1 A (x) ; x ∈ Ω ; A ∈ E if, and only if, we have that F = E, for any probability P on (Ω, F). Now, consider (E, E) a separable, Hausdorff measurable space and T : Ω → E a measurable function. If P is a probability on (Ω, F), then, it follows from Theorem 3.1 and Hoffmann-Jörgensen (1971, Theorems 2 and 3) that the graphic of T is measurable with respect to the product σ-algebra,
and there exists a RCP µ :
Furthermore, the image T (Ω) is measurable with respect to the complete σ-algebra E T * P . Since P is arbitrary, we conclude that T (Ω) is universally measurable.
In the sequence, we shall introduce the concept of universally measurable disintegration and we shall establish sufficient condition for its existence.
Definition 3.1. Consider (Ω, F) a Radon space, (E, E) a separable, Hausdorff measurable space, T : Ω → E a measurable function and P a probability on (Ω, F). A universally measurable disintegration gration with respect to T is a U-transition probability ν :
for all A ∈ F, B ∈ E, and
for all x ∈ T (Ω).
With these elements we can establish the following proposition.
Proposition 3.1. Let (Ω, F) be a Radon space, (E, E) a separable, Hausdorff measurable space and T : Ω → E a measurable function. If there exists a universally measurable selection function φ : T (Ω) → Ω such that (φ(x), x) ∈ G(T ) for each x ∈ T (Ω), then, there exists an universally measurable disintegration ν, for any probability P on (Ω, F).
Proof: We know that there exists a RCP µ and N ∈ E with (T * P )(N ) = 0, such that
Using the function φ, we can define for each
where δ is the Dirac probability. Since T (Ω) is universally measurable subset of E, we conclude that ν is a universally measurable disintegration. 2 Next, we shall establish sufficient condition for the existence of an universally measurable selection function φ :
Let {A i|n } be a countable family of sets indexed by the set of finite integers, where i|n represents a sequence {i 1 , · · · , i n }. If i denotes an infinite sequence of positive integers (i ∈ N N ), the set
is then said to be obtained from the family {A i|n } by Souslin operation. If D is a class of sets in a given space, the class of sets obtained by applying this operation to countable families in D is called D-Souslin.
Consider Y be a compact metric space endowed with the Borel σ-algebra 48)]. As the measurable space (Ω, F) is Souslin, we can define a metrizable topology on Ω, such that F coincide with the Borel σ-algebra [see, Blackwell (1955) , Theorem 2] . We denote by F (Ω) the class of closed subsets of Ω.
Lemma 3.1. Let (Ω, F) be a Souslin space, (E, E) a measurable space and
b. There exists a function φ : π E [G] → Ω which is universally measurable and
where π E [G] denotes de canonical projection of G on E.
Proof: Let R be the class of the measurable rectangles F × B, where F ∈ F (Ω) e B ∈ E . We shall show that G is R-Souslin. Consider C the class of all R-Souslin sets whose the complement is also R-Souslin. Then, we have that C is a σ-algebra [Dellacherie e Meyer (1978),Theorem 12, pp. 43]. For every F ∈ F (Ω) and B ∈ E , we have that
Since F c ∈ F (Ω)-Souslin, there exists a sequence {F (i 1 ,···,i n ) : (i 1 , · · · , i n ) ∈ N n , n ∈ N} ⊂ F(Ω) satisfying
Then, we conclude that
Since F × B c and F c × E are R-Souslin sets, we obtain that (B × F ) c is also R-Souslin set. On the other hand, the product σ-algebra is generate by rectangles in R. Then, we have that F × E ⊂ C. Thus, the elements of F × E are R-Souslin sets. It follows from Leese (1978, Theorem 5.5), that:
b. There exists a function φ : π E → Ω which is universally measurable and (φ(x), x) ∈ G for each x ∈ π E [G].
2 Finally, we use the above results to extend a disintegration theorem in Graf and Märgel (1980) . Corollary 3.1. Let (Ω, F) be a Souslin space and (E, E) a separable, Hausdorff measurable space. Then, there exists an universally measurable disintegration ν, for each measurable function T : Ω → E and probability P on (Ω, F).
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